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ABSTRACT

Hinton (in press)recently proposeda learning algorithm
called contrastve divergencelearningfor a classof prob-
abilistic modelscalled productof experts(PoE). Whereas
in standardmixture modelsthe “beliefs” of individual ex-
pertsareaveragedijn PoEsthe “beliefs” aremultiplied to-
getherand then renormalized. One advantageof this ap-
proachis that the combinedbeliefs can be much sharper
thantheindividual beliefsof eachexpert. It hasbeenshavn
thatarestrictedversionof theBoltzmannmachinejn which
thereareno lateralconnectiondbetweerhiddenunitsor be-
tweenobsenationunits,is a PoE.In this paperwe general-
ize theseresultsto diffusion networks, a continuous-time,
continuous-staterersion of the Boltzmannmachine. We
shav thatwhenthe unit activationfunctionsarelinear, this
PoEarchitecturas equivalentto a factoranalyzer This re-
sultsuggestsovel non-lineargeneralizationsf factoranal-
ysisandindependentomponenganalysisthatcould beim-
plementedisinginteractive neuralcircuitry.

1. INTRODUCTION

Hinton (in press)recently proposeda fast learning algo-
rithm, known ascontrastve divergencdearning,for aclass
of modelscalledproductof experts(PoE).In standardmix-

turemodelsthe“beliefs” of individual expertsareaveraged,
but in PoEsthe “beliefs” are multiplied togetherandthen
renormalizedi.e.,

p(0) Hpj(o) 1)

wherep; (o) is the probability of the obseredvectoro un-
der expertj andp(o) is the probability assigedo o when
the opinionsof all the expertsare combined. One advan-
tageof thisapproachs thatthecombinecdoeliefsaresharper
thantheindividual beliefsof eachexpert, potentiallyavoid-
ing the problemsof standardnixture modelswhenapplied
to high-dimensionaproblems. It canbe shawvn thata re-
strictedversionof the Boltzmannmachinejn which hidden
units andobsenableunits form a bipartitegraph,is in fact

aPoE(Hinton,in press).Indeed Hinton (in pressyecently
trainedtheserestrictedBoltzmannmachine§RBMs) using
contrastve divergencdearningwith very goodresults.One
problemwith Boltzmannmachineds thatthey usebinary-
stateunits, a representationvhich may not be optimal for
continuousdatasuchasimagesandsounds.

Thispaperconcernghediffusionnetwork, acontinuous-
time, continuous-stateersionof the Boltzmannmachine.
Like Boltzmmanmachines diffusion networks have bidi-
rectionalconnectionswhich in this paperwe assumeo be
symmetric. If a diffusion network is given the samecon-
nectvity structureasan RBM, theresultwill alsobea PoE
model.

The mainresultpresentedhereis thatwhenthe activa-
tion functionsarelinear, theserestricteddiffusionnetworks
model the sameclassof obsenabledistributions asfactor
analysis.Thisis somavhatsurprisinggiventhefactthatdif-
fusionnetworksarefeedbackmodelswhile factoranalyzers
arefeedforward models. Most importantly, the resultsug-
gestsovel non-lineargeneralizationsf factoranalysisand
independentomponentnalysighatcouldbeimplemented
usinginteractie circuitry. We shawv resultsof simulations
in whichwetrainedrestricteddiffusionnetworksusingcon-
trastive divergence.

2. DIFFUSION NETWORKS

A diffusionnetwork is aneuralnetwork specifiecdby astochas-
tic differentialequation

dX (t) = p(X (t))dt + odB(t) )

where X (t) is a randomvector describingthe stateof the
systemattime ¢, and B is a standardBrownianmotionpro-
cess.Theterme is aconstantknown asthedispersionthat
controlsthe amountof noisein the system. The function
1, known asthedrift, representshe deterministickernelof
thesystem.If thedrift is thegradientof anenegy function,
w(z) = —V,¢(x), andtheenegy functionsatisfiescertain
conditions(Gidas,1986),thenit canbe shavn that X has
alimit probability densityp(x) o< exp(—2 ¢(z)/o?) which
is independenof theinitial conditions.



2.1. Linear diffusions

If we let o = +/2 andthe enegy is a quadraticfunction
#(z) = (1/2)z% azx , wherea is asymmetric positive defi-
nite matrix, thenthelimit distributionis

p(z) o exp(—%mTaa:). (3)

Thisdistributionis Gaussiamvith zeromeanandcovariance
matrix a~!. Takingthe gradientof the enegy function, we
get

p(z) = =Vip(z) = —az (4)
andthustheactivationdynamicsarelinear:
dX (t) = —aX (t)dt + odB(t) (5)

Thesedynamicshave the following neuralnetwork inter-
pretation: Let a = (d — w) , wherew representa ma-
trix of synapticconductancesind d is a diagonalmatrix
of transmembraneonductancesd; (currentleakageierms).
We thengetthefollowing form

dXi(t) = [Ki(t) — diX;(t)|dt + 0dB(H)  (6)

where

Xi(t) = Z wi; X;(t) (7)

is interpretedasthe netinput currentto neuron; and X;(¢t)
astheactivationof thatneuron.

3. FACTOR ANALYSIS

Factoranalysids a probabilisticmodelof theform
O=cH+7Z (8)

whereO is ann, dimensionarandomvectorrepresenting
obsenable data; H is an n;, dimensionalGaussianvec-
tor representinchiddenindependensourcesE(H) = 0,
Cov(H) = I, theidentity matrix; and Z is a Gaussiarvec-
tor independenof H representingnoisein the obsenation
generatiorprocessE(Z) = 0, Cov(Z) = ¥, adiagonal
matrix. If H is logisticinsteadof Gaussianandin the limit
as¥ — 0, Equation(8) is the standardnodelunderlying
independentomponentinalysis(ICA) (Bell & Sejnavski,
1995; Attias, 1999). Note thatin factoranalysis,aswell
asin ICA, the obsenationsaregeneratedn a feedforward
manneifrom the hiddensourcesandthe noiseprocess.

It follows from Equation8 that O and H have covari-
ances

B O ccT+¥ ¢
Cov(X) = Cov (I—if) = . ; 9)
Takingtheinverseof this block matrix, we get
. g1 e
(Cov(X))™" = (10)
=Tyt 14701

4. RESTRICTED DIFFUSION NETWORKS

In this section,we discussa subclasof diffusionnetworks
that have a PoE architecture.To begin with, we divide the
statevectorof a diffusionnetwork into obsenableandhid-
denunits, XT = (0T, HT). It is easyto show thatif the
connectvity matrix is restrictedso thatthereareno lateral
connectiongrom hiddenunitsto hiddenunitsandnolateral
connectiongrom obsenableunitsto obserableunits,i.e.,

if
do —Woh
a= l T ‘| (11)
—woh dh
whered, andd;, arediagonalthenthelimit distribution of
X is aPoE.Hereafterwe referto a diffusion network with
no hidden-hidderor obsenable-obserableconnectionsas
arestricteddiffusionnetwork (RDN).

Supposeave aregivenanarbitrarylinearRDN. Thelimit
distribution, p(OH), has Gaussianmarinal distributions
p(0) andp(H) whosecovariancesanbe found by invert-
ing theblock matrixin Equation11:

Cov(H) = (dp — wl,d, *wen) ™! (12)

Cov(0) = (d, — wond,, 'wk,) ™" (13)

Let D° representhe set containingevery distribution on
R™ thatis the limit distribution of the obsenableunits of
ary linear RDN with n; hiddenunits. In somecaseswe
canthink of the hiddenunits of a network asthe network’s
internalrepresentationf theworld. Someauthorssuchas
Barlow (1994), have postulatedthat one of the organizing
principlesof early processingn the brainis for theseinter-
nal representation® be asindependenaspossible. Thus
it is of interestto studythe setof linear RDNs whosehid-
denunits areindependenti.e., for which Cov(H) is diag-
onal. Onemight wonder for example,whetherrestricting
Cov(H) to bethe identity matrix imposesary constraints
on Cov(0).

Let D¢ representhesetcontainingevery distributionon
R™ thatis the limit distribution of the obsenableunits of
ary linear RDN with n;, hiddenunitsthatareindependent,
Cov(H) = I. We now shawv thatforcing the hiddenunits
to beindependentdoesnot constrairnthe classof obsenable
distributionsthatcanberepresentetdy alinear RDN.
Theorem1: D¢ =D°.

Proof : SinceD? is a subsebf D°, we just needto shav

thatary distributionin D¢ is alsoin D?. Let p(OH) bethe

limit distribution of an arbitrarylinear RDN with parame-

terswop, dp, andd,. We will show thereexistsanew linear

RDN, with limit distribution p(O' H') andparametersu, ,,
4, andd,, suchthatCov(H') = I andp(0') = p(0).



First we take the eigervaluedecomposition
1—d; Pwhd; 'wend;,? = oA (14)

whereo is aunitary matrixandA is diagonal.Equation14
canberewritten

whds  won = dy — d}* Ao d)/?. (15)
We define

d,=A"'  and  w', =wud, PoA12
(16)
By Equationl12 (andaftersomederivations)we find that
Cov(H') = (dy, — (w),)Td; w),) !
(17)
=1.

By Equationl13 (andaftersomederivations)we find that

Cov(0") = (do — wpy(d})H(wp)")
= (d, — wohd;:lonh)_l (18)
=Cov(0). O

Theorem1 will help to elucidatethe relationshipbe-
tweenfactoranalysisandlinear RDNs. We will shaw that
the classof distributionsover obsenablevariablesthatcan

begeneratetyy factoranalysisnodelswith n;, hiddensources

is thesameastheclassof distributionsoverobsenableunits
thatcanbegeneratedby linearRDNswith n;, hiddenunits.

5. FACTOR ANALYSISAND DIFFUSION NETS

In this sectionwe examinethe relationshipbetweenfeed-
forwardfactoranalysismodelsandfeedbackdiffusion net-
works. Let F° representhe classof probability distribu-
tions over obsenableunits that canbe generatedy factor
analysismodelswith n; hiddenunits. In Theorem2 we
will show thatthis classof distributionsis equivalentto D¢,
the classof distributionsgeneratedy linear RDNs. To do
so,wefirstneedto provealLemmaregardingthesubclas®f
factoranalysisnodelsfor whichthelowerright block of the
matrixin Equation10, 7+ c¢T ¥~ !¢, isdiagonal.We define
JF? asthe classof probability distributionson R™e thatcan
be generatedby suchrestrictedfactoranalysismodels.

Lemma: F? = F°.

Proof :  Since 7 is asubsebf F°, we just needto shov
thatary distributionin F° is alsoin F¢. Let p(OH) bethe
distribution generatedby anarbitraryfactoranalysismodel
with parameterg and ¥. We will shav thatthereexists a

new factoranalysismodel, with joint distribution p(O'H)
andparameters’ and ¥, suchthatp(0') = p(0) andsuch
that? + (¢')T¥~1¢ is diagonal.

Firstwe take the eigervaluedecomposition
" te=8DST (19)

whereS is a unitary matrix andthe eigervaluematrix D is
diagonal.Now definearotationg by

g=3S and ' = ¢q. (20)

Then
(HTw='¢ =D (21)

which is diagonal. ThusT + ()T ¥~ ¢ is diagonal. Fur-
thermore from the equation0’ = ¢'H + Z we canderive
Cov(0) = ()T + ¥ =ccT + ¥ =Cov(0). O

Now we arereadyto prove themainresultof this paper:
the factthatfactoranalysismodelsare equivalentto linear
RDNSs.

Theorem2: D° = F°.
Proof : B
[=]: F° CDe. Let p(O) bethedistribution over ob-

senable units generatedy ary factoranalysismodel. By
the Lemma,thereexistsa factoranalysisnodelwith distri-
butionp(XT) = p(OT, HT) andparameters, ¥ suchthat
its maminaldistribution overtheobsenableunitsequalghe
givendistribution p(O) andfor which I + ¢ ¥~ ¢ is diag-
onal.

Letp(XT) = p(OT, HT) bethelimit distribution of the
lineardiffusion network with parameters,, d,, dj, given
by settingthe connectiormatrix of Equationl1 equalto the
inversecovariancematrix of Equation0:

a = (Cov(X)) " (22)

Thend, = ¥~! andd, = I + ¢cT ¥~1¢ arebothdiagonal,
sothis diffusionnetis a RDN. By Equation3, thelimit dis-
tribution of X is Gaussiawith covarianceCov(X) = a1,
from which it follows that Cov(X) = Cov(X). In partic-
ular, Cov(0) = Cov(0). Thus,p(0) = p(O) is the limit
distribution of alinearRDN.

[<] : D° C Fe. Let p(O) be the limit distribution
over obsenable units of any linear RDN. By Theorem1,
thereexistsalinearRDN with distribution
p(XT) = p(OT, HT) andparametersv,, d,, dj, suchthat
its maminaldistribution overtheobsenableunitsequalghe
givendistribution p(O) andfor which Cov(H) = I.
Considerthe factoranalysismodelwith parameters
U = d;1, ¢ = d;'w,p. Usingreasoningsimilar to that
usedin the first part of this proof, one canverify that this
factoranalysismodelgenerates distribution over observ-
ableunitsthatis equalto p(O).



6. SSIMULATIONS

RDNs have continuousstatesratherthan binary states,so
they canrepresenpixel intensitiesin a more naturalman-
ner thanrestrictedBoltzmannmachinegRBMs) can. We
usedcontrastve divergencelearningrulesto train a linear
RDN with 10 hiddenunits in an unsupervisednanneron
a databasef 48 faceimages(16 peoplein threedifferent
lighting conditions)from the MIT FaceDatabasdTurk &

Pentland1991).ThelinearRDN had3600obsenableunits
(60 x 60 pixels). Eachexpertin the productof expertscon-
sistsof onehiddenunit andthe learnedconnectionveights
betweenthat hiddenunit and all of the obsenable units.
Theselearnedconnectionweightscanbe thoughtof asthe
receptvefield of thathiddenunit. Figurel shavstherecep-
tive fields of the 10 hiddenunits after training. Becauseof

Fig. 1: Receptve fields of the 10 hiddenunits of a linear
RDN thatwastrainedon a databasef 48 faceimagesby
minimizing contrastve divergence.

the correspondencketweerlinear RDNs andfactoranaly-
sisthatwasprovenin previous sectionsthe receptve field
of a hiddenunit in the linear RDN shouldcorrespondo a
columnof the factorloadingmatrix ¢ in Equation8 (after
the columnis normalizedby premultiplying by ¥—1, the
inverseof the varianceof the noisein eachobsenabledi-
mension).

Becausef therelationshipbetweerfactoranalysisand
principal componentnalysis,onewould expectthe recep-
tive fields of the hiddenunits of the linear RDN to resem-
ble the eigentices(Turk & Pentland,1991),which arethe
eigervectorsof thepixelwisecovariancematrix, of thesame
databaseWe calculatedheeigenficesof thedatabaseThe
eigenficescorrespondingdo the 10 largesteigervaluesare
shavn in Figure2. The qualitative similarity betweenthe
linear RDN receptve fieldsin Figure1 andthe eigenfices
in Figure?2 is readilyapparent.

Partially occludedmagescorrespondo splittingtheob-
senable units O into thosewith known values, O, and
thosewith unknavnvalues O,,. Givenanimagewith known
valuesoy, reconstructinghe valuesof the occludedunits
involvesfinding the posteriordistribution p(O,, | Oy, = o).
The feedbackarchitectureof diffusion networks provides
a naturalway to find sucha posteriordistribution: clamp

Fig. 2: Eigenfacescalculatedrom the samedatabasef 48
faceimages.

the unoccludedobsenable units to the valueso,, and let
the network settleto equilibrium. The equilibriumdistribu-
tion of the network will then be the posteriordistribution
p(Oy | Or, = o). UsingthelinearRDN thatwastrainedon
faceimageswe reconstructedccludedversionsof theim-
agesin thetraining setby takingthe meanof this posterior
distribution. Figure 3 shows the resultsof reconstructing
two occludedfaceimages.

E

3

Fig. 3: Reconstructiorof two occludedimages. Left: Im-

k

agefrom thetraining setfor the linear RDN. Center: The
obsenable units correspondingo the visible pixels were
clamped,while the obsenable units correspondingo the
occludedpixels were allowed to run free. Right: Recon-
structedmageshown is the meanof the equilibrium distri-
bution.

7. DISCUSSION

We provedtherathersurprisingresultthatafeedbacknodel,
the linear RDN, spansthe samefamily of distributions as
factor analysis,a feedworward model. Furthermore,we
have shavn thatfor this classof feedbackmodels,restrict-
ing the mamginal distribution of the hiddenunits to be in-
dependentloesnot restrict the distributions over the ob-
senableunitsthatthey cangenerate Linear RDNs canbe
trainedusingthe contrastve divergencdearningmethodof
Hinton (in press),which is relatively fast. A main advan-



tageof feedbacknetworks over feedfornard modelsis that
one can easily solve inferenceproblems,such as pattern
completionfor occludedimages,usingthe samearchitec-
ture and algorithmthat are usedfor generation.Most im-

portantly diffusionnetworks canalsobe definedwith non-
linearactiationfunctions(Movellan,Mineiro & Williams,

In Press),andwe have begunto explore nonlinearexten-
sionsof the linear caseoutlined here. Extensionsof this
work to nonlineadiffusionnetworksopenthedoorto possi-
bilities of new ICA-lik ealgorithmshasednfeedbackather
thanfeedforwardarchitectures.
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