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ABSTRACT

Hinton (in press)recently proposeda learning algorithm
calledcontrastive divergencelearningfor a classof prob-
abilistic modelscalledproductof experts(PoE).Whereas
in standardmixture modelsthe “beliefs” of individual ex-
pertsareaveraged,in PoEsthe “beliefs” aremultiplied to-
getherand then renormalized. One advantageof this ap-
proachis that the combinedbeliefs can be much sharper
thantheindividualbeliefsof eachexpert. It hasbeenshown
thatarestrictedversionof theBoltzmannmachine,in which
thereareno lateralconnectionsbetweenhiddenunitsor be-
tweenobservationunits,is a PoE.In this paperwe general-
ize theseresultsto diffusion networks, a continuous-time,
continuous-stateversionof the Boltzmannmachine. We
show thatwhentheunit activationfunctionsarelinear, this
PoEarchitectureis equivalentto a factoranalyzer. This re-
sultsuggestsnovelnon-lineargeneralizationsof factoranal-
ysisandindependentcomponentanalysisthatcouldbeim-
plementedusinginteractiveneuralcircuitry.

1. INTRODUCTION

Hinton (in press)recently proposeda fast learning algo-
rithm, known ascontrastivedivergencelearning,for a class
of modelscalledproductof experts(PoE).In standardmix-
turemodelsthe“beliefs” of individualexpertsareaveraged,
but in PoEsthe “beliefs” aremultiplied togetherandthen
renormalized,i.e., ���������
	��
� � ����� (1)

where� � ����� is theprobabilityof theobservedvector � un-
der expert � and ������� is the probability assigedto � when
the opinionsof all the expertsarecombined. Oneadvan-
tageof thisapproachis thatthecombinedbeliefsaresharper
thantheindividualbeliefsof eachexpert,potentiallyavoid-
ing theproblemsof standardmixturemodelswhenapplied
to high-dimensionalproblems. It canbe shown that a re-
strictedversionof theBoltzmannmachine,in whichhidden
unitsandobservableunits form a bipartitegraph,is in fact

a PoE(Hinton, in press).Indeed,Hinton (in press)recently
trainedtheserestrictedBoltzmannmachines(RBMs) using
contrastivedivergencelearningwith verygoodresults.One
problemwith Boltzmannmachinesis that they usebinary-
stateunits, a representationwhich may not be optimal for
continuousdatasuchasimagesandsounds.

Thispaperconcernsthediffusionnetwork,acontinuous-
time, continuous-stateversionof the Boltzmannmachine.
Like Boltzmmanmachines,diffusion networks have bidi-
rectionalconnections,which in this paperwe assumeto be
symmetric. If a diffusion network is given the samecon-
nectivity structureasanRBM, theresultwill alsobea PoE
model.

Themain resultpresentedhereis thatwhentheactiva-
tion functionsarelinear, theserestricteddiffusionnetworks
model the sameclassof observabledistributionsas factor
analysis.Thisis somewhatsurprisinggiventhefactthatdif-
fusionnetworksarefeedbackmodelswhile factoranalyzers
arefeedforwardmodels. Most importantly, the resultsug-
gestsnovel non-lineargeneralizationsof factoranalysisand
independentcomponentanalysisthatcouldbeimplemented
usinginteractive circuitry. We show resultsof simulations
in whichwetrainedrestricteddiffusionnetworksusingcon-
trastivedivergence.

2. DIFFUSION NETWORKS

A diffusionnetwork isaneuralnetworkspecifiedbyastochas-
tic differentialequation��� ����������� � ������� � ����� ��� ����� (2)

where
� ����� is a randomvectordescribingthe stateof the

systemat time � , and
�

is a standardBrownianmotionpro-
cess.Theterm � is aconstant,known asthedispersion,that
controlsthe amountof noisein the system. The function� , known asthedrift, representsthedeterministickernelof
thesystem.If thedrift is thegradientof anenergy function,����� �!�#"%$'&)(���� � , andtheenergy functionsatisfiescertain
conditions(Gidas,1986),thenit canbe shown that

�
has

a limit probabilitydensity����� �*�,+.-0/1�2"%3�(����4��5��768� which
is independentof theinitial conditions.



2.1. Linear diffusions

If we let �9�;: 3 and the energy is a quadraticfunction(����4�!�<��=>5�3)�?�4@1A�� , whereA is asymmetric,positivedefi-
nitematrix, thenthelimit distribution is�B��� ���,+.-0/1�2" =3 � @ A�� �DC (3)

Thisdistributionis Gaussianwith zeromeanandcovariance
matrix AFE�G . Takingthegradientof theenergy function,we
get �����4�*�#"%$ & (���� �H�#"IA)� (4)

andthustheactivationdynamicsarelinear:��� �������#"IA � ����� � ���J� ��� ����� (5)

Thesedynamicshave the following neuralnetwork inter-
pretation: Let AK�L� � "NMO� , where M representsa ma-
trix of synapticconductancesand

�
is a diagonalmatrix

of transmembraneconductances
�)P

(currentleakageterms).
We thengetthefollowing form���QP �����*�<RTS�QP �����U" �)PV�QP �����?W � �B��� �)� ����� (6)

where S�QP �������KX � M P � � � ����� (7)

is interpretedasthenetinput currentto neuronY and
�QP �����

astheactivationof thatneuron.

3. FACTOR ANALYSIS

Factoranalysisis a probabilisticmodelof theformZ[ �N\ Z] �_^ (8)

where
Z[

is an `1a dimensionalrandomvectorrepresenting
observable data;

Z]
is an `1b dimensionalGaussianvec-

tor representinghiddenindependentsources,c � Z] �d�fe ,gHhji � Z] �!�lk , theidentity matrix; and ^ is a Gaussianvec-
tor independentof

Z]
representingnoisein theobservation

generationprocess,c �m^O�Q�ne , gHhji �m^O�o�qp , a diagonal
matrix. If

Z]
is logistic insteadof Gaussian,andin thelimit

as psrte , Equation(8) is the standardmodelunderlying
independentcomponentanalysis(ICA) (Bell & Sejnowski,
1995; Attias, 1999). Note that in factoranalysis,aswell
asin ICA, theobservationsaregeneratedin a feedforward
mannerfrom thehiddensourcesandthenoiseprocess.

It follows from Equation8 that
Z[

and
Z]

have covari-
ances gHhji � Z� ��� gHhjivu Z[ Z]dw �yx \z\z@{�_p \\z@ k�| (9)

Takingtheinverseof this blockmatrix,weget� gHhji � Z� ��� E7G �yx p E�G "Op E7G \"I\z@�p E�G kO��\z@Up E�G \�| (10)

4. RESTRICTED DIFFUSION NETWORKS

In this section,we discussa subclassof diffusionnetworks
thathave a PoEarchitecture.To begin with, we divide the
statevectorof a diffusionnetwork into observableandhid-
denunits,

� @N�}� [ @!~ ] @�� . It is easyto show that if the
connectivity matrix is restrictedso that thereareno lateral
connectionsfrom hiddenunitsto hiddenunitsandnolateral
connectionsfrom observableunits to observableunits, i.e.,
if A'� x � a "�M a�b"�M @a�b � b | (11)

where
� a and

� b arediagonal,thenthelimit distribution of�
is a PoE.Hereafter, we referto a diffusionnetwork with

no hidden-hiddenor observable-observableconnectionsas
a restricteddiffusionnetwork (RDN).

SupposewearegivenanarbitrarylinearRDN.Thelimit
distribution, �B� [ ] � , hasGaussianmarginal distributions�B� [ � and �B� ] � whosecovariancescanbefoundby invert-
ing theblock matrix in Equation11:gHhji � ] ���#� � b "�M @a�b � E7Ga M a�b � E�G (12)gHhji � [ �*��� � a "�M a�b � E�Gb M @a�b � E7G (13)

Let � a representthe set containingevery distribution on�U���
that is the limit distribution of the observableunits of

any linear RDN with ` b hiddenunits. In somecases,we
canthink of thehiddenunitsof a network asthenetwork’s
internalrepresentationof theworld. Someauthors,suchas
Barlow (1994),have postulatedthat oneof the organizing
principlesof earlyprocessingin thebrainis for theseinter-
nal representationsto be asindependentaspossible.Thus
it is of interestto studythe setof linearRDNs whosehid-
denunits areindependent,i.e., for which

gHhji � ] � is diag-
onal. Onemight wonder, for example,whetherrestrictinggHhji � ] � to be the identity matrix imposesany constraints
on

gHhji � [ � .
Let � aP representthesetcontainingeverydistributionon�����
that is the limit distribution of theobservableunits of

any linearRDN with ` b hiddenunits thatareindependent,gHhji � ] ����k . We now show that forcing the hiddenunits
to beindependentdoesnotconstraintheclassof observable
distributionsthatcanberepresentedby a linearRDN.

Theorem 1 : � aP � � a .
Proof : Since � aP is a subsetof � a , we just needto show
thatany distribution in � a is alsoin � aP . Let ��� [ ] � bethe
limit distribution of an arbitrary linear RDN with parame-
ters M a�b , � b , and

� a . We will show thereexistsanew linear
RDN, with limit distribution ��� [�� ] � � andparametersM �a�b ,� � b , and

� a , suchthat
gHhji � ] � ���Nk and��� [ � ���
��� [ � .



First we take theeigenvaluedecompositionk�" � E7G�� 6b M @a�b � E7Ga M a�b � E�G�� 6b �N�7�H� @ (14)

where � is a unitarymatrix and � is diagonal.Equation14
canberewrittenM @a�b � E7Ga M a�b � � b " � G�� 6b �7�H� @ � G�� 6b C (15)

We define� � b �N� E�G ���F� M �a�b �,M a�b � E7G�� 6b �7� E7G�� 6�C
(16)

By Equation12 (andaftersomederivations)we find thatgHhji � ] � ����� � �b "���M �a�b ��@ � E7Ga M �a�b � E�G�lk�C (17)

By Equation13 (andaftersomederivations)we find thatgHhji � [ � ����� � a "�M �a�b � � � b �DE7G���M �a�b � @ ��E�G��� � a "�M a�b � E�Gb M%@a�b � E7G� gHhji � [ �DC � (18)

Theorem1 will help to elucidatethe relationshipbe-
tweenfactoranalysisandlinear RDNs. We will show that
theclassof distributionsover observablevariablesthatcan
begeneratedby factoranalysismodelswith ` b hiddensources
is thesameastheclassof distributionsoverobservableunits
thatcanbegeneratedby linearRDNswith `1b hiddenunits.

5. FACTOR ANALYSIS AND DIFFUSION NETS

In this sectionwe examinethe relationshipbetweenfeed-
forwardfactoranalysismodelsandfeedbackdiffusionnet-
works. Let � a representthe classof probability distribu-
tions over observableunits that canbe generatedby factor
analysismodelswith ` b hiddenunits. In Theorem2 we
will show thatthisclassof distributionsis equivalentto � a ,
theclassof distributionsgeneratedby linearRDNs. To do
so,wefirst needto proveaLemmaregardingthesubclassof
factoranalysismodelsfor whichthelowerright blockof the
matrix in Equation10, kB��\z@Up E7G \ , is diagonal.Wedefine� aP astheclassof probabilitydistributionson

� � �
thatcan

begeneratedby suchrestrictedfactoranalysismodels.

Lemma : � aP � � a .
Proof : Since � aP is a subsetof � a , we just needto show
thatany distribution in � a is alsoin � aP . Let ��� Z[ Z] � bethe
distribution generatedby anarbitraryfactoranalysismodel
with parameters\ and p . We will show that thereexists a

new factoranalysismodel,with joint distribution ��� [�� Z] �
andparameters\ � and p , suchthat ��� [�� �H����� Z[ � andsuch
that kO�l��\ � ��@�p E�G \ � is diagonal.

First we take theeigenvaluedecomposition\ @ p E7G \I�K���{� @ (19)

whereS is a unitarymatrix andtheeigenvaluematrix � is
diagonal.Now definearotation � by� �l� ���F� \ � �N\ � C (20)

Then �V\ � � @ p E�G \ � �N� (21)

which is diagonal. Thus k��<�V\ � �2@�p E7G \ is diagonal. Fur-
thermore,from theequation

[�� �9\ � Z] � Z^ we canderivegHhji � [�� ���l\ � ��\ � �2@���pK�N\z\.@{��p
� gHhji � Z[ �DC �
Now wearereadyto provethemainresultof thispaper:

the fact that factoranalysismodelsareequivalentto linear
RDNs.

Theorem 2 : � a � � a .
Proof :
[ � ] : �'�Q J��� . Let �B� Z[ � bethedistributionoverob-
servableunits generatedby any factoranalysismodel. By
theLemma,thereexistsa factoranalysismodelwith distri-
bution ��� Z� @��*���B� Z[ @*~ Z] @B� andparameters\j~Dp suchthat
its marginaldistributionovertheobservableunitsequalsthe
givendistribution �B� Z[ � andfor which k¡��\.@�p E7G \ is diag-
onal.

Let ��� � @ ���¢��� [ @ ~ ] @ � bethelimit distributionof the
lineardiffusionnetwork with parametersM a�b , � a , � b given
by settingtheconnectionmatrixof Equation11equalto the
inversecovariancematrix of Equation10:A'��� gHhji � Z� ��� E�G C (22)

Then
� b �9p E�G and

� a �<k£��\z@�p E7G \ arebothdiagonal,
sothis diffusionnetis aRDN. By Equation3, thelimit dis-
tributionof

�
is Gaussianwith covariance

gHhji � � ���lA E7G ,
from which it follows that

gHhji � � ��� gHhji � Z� � . In partic-
ular,

gHhji � [ �¡� gHhji � Z[ � . Thus, ��� Z[ ���l�B� [ � is the limit
distributionof a linearRDN.R¥¤
W£¦ ���Q ���� . Let ��� [ � be the limit distribution
over observableunits of any linear RDN. By Theorem1,
thereexistsa linearRDN with distribution�B� � @B���J�B� [ @*~ ] @B� andparametersM a�b , � a , � b suchthat
its marginaldistributionovertheobservableunitsequalsthe
givendistribution �B� [ � andfor which

gHhji � ] ���lk .
Considerthefactoranalysismodelwith parametersp§� � E7Ga ~�\¨� � E�Ga M a�b C Using reasoningsimilar to that

usedin the first part of this proof, onecanverify that this
factoranalysismodelgeneratesa distribution over observ-
ableunitsthatis equalto �B� [ � .



6. SIMULATIONS

RDNs have continuousstatesratherthanbinary states,so
they canrepresentpixel intensitiesin a morenaturalman-
ner thanrestrictedBoltzmannmachines(RBMs) can. We
usedcontrastive divergencelearningrules to train a linear
RDN with 10 hiddenunits in an unsupervisedmanneron
a databaseof 48 faceimages(16 peoplein threedifferent
lighting conditions)from the MIT FaceDatabase(Turk &
Pentland,1991).ThelinearRDN had3600observableunits
( © e£ª © e pixels).Eachexpertin theproductof expertscon-
sistsof onehiddenunit andthelearnedconnectionweights
betweenthat hiddenunit and all of the observable units.
Theselearnedconnectionweightscanbe thoughtof asthe
receptivefield of thathiddenunit. Figure1 showstherecep-
tive fieldsof the10 hiddenunitsafter training. Becauseof

Fig. 1: Receptive fields of the 10 hiddenunits of a linear
RDN that wastrainedon a databaseof 48 faceimagesby
minimizing contrastivedivergence.

thecorrespondencebetweenlinearRDNsandfactoranaly-
sis thatwasprovenin previoussections,the receptive field
of a hiddenunit in the linear RDN shouldcorrespondto a
columnof the factor loadingmatrix \ in Equation8 (after
the column is normalizedby premultiplying by p E�G , the
inverseof the varianceof the noisein eachobservabledi-
mension).

Becauseof therelationshipbetweenfactoranalysisand
principalcomponentanalysis,onewould expecttherecep-
tive fields of the hiddenunits of the linear RDN to resem-
ble the eigenfaces(Turk & Pentland,1991),which arethe
eigenvectorsof thepixelwisecovariancematrix,of thesame
database.Wecalculatedtheeigenfacesof thedatabase.The
eigenfacescorrespondingto the 10 largesteigenvaluesare
shown in Figure2. The qualitative similarity betweenthe
linear RDN receptive fields in Figure1 andthe eigenfaces
in Figure2 is readilyapparent.

Partiallyoccludedimagescorrespondto splittingtheob-
servable units

[
into thosewith known values,

[O«
, and

thosewith unknownvalues,
[%¬

. Givenanimagewith known
values � « , reconstructingthe valuesof the occludedunits
involvesfinding theposteriordistribution ��� [O¬¡­�[O« �,� « � .
The feedbackarchitectureof diffusion networks provides
a naturalway to find sucha posteriordistribution: clamp

Fig. 2: Eigenfacescalculatedfrom thesamedatabaseof 48
faceimages.

the unoccludedobservableunits to the values � « , and let
thenetwork settleto equilibrium.Theequilibriumdistribu-
tion of the network will then be the posteriordistribution�B� [%¬�­�[¡« �N� « � . UsingthelinearRDN thatwastrainedon
faceimages,we reconstructedoccludedversionsof theim-
agesin thetrainingsetby takingthemeanof this posterior
distribution. Figure 3 shows the resultsof reconstructing
two occludedfaceimages.

Fig. 3: Reconstructionof two occludedimages. Left: Im-
agefrom the training setfor the linear RDN. Center: The
observable units correspondingto the visible pixels were
clamped,while the observableunits correspondingto the
occludedpixels wereallowed to run free. Right: Recon-
structedimageshown is themeanof theequilibriumdistri-
bution.

7. DISCUSSION

Weprovedtherathersurprisingresultthatafeedbackmodel,
the linear RDN, spansthe samefamily of distributionsas
factor analysis,a feedworward model. Furthermore,we
have shown that for this classof feedbackmodels,restrict-
ing the marginal distribution of the hiddenunits to be in-
dependentdoesnot restrict the distributions over the ob-
servableunits that they cangenerate.LinearRDNs canbe
trainedusingthecontrastivedivergencelearningmethodof
Hinton (in press),which is relatively fast. A main advan-



tageof feedbacknetworksover feedforwardmodelsis that
one can easily solve inferenceproblems,suchas pattern
completionfor occludedimages,usingthe samearchitec-
ture andalgorithmthat areusedfor generation.Most im-
portantly, diffusionnetworkscanalsobedefinedwith non-
linearactivationfunctions(Movellan,Mineiro & Williams,
In Press),andwe have begun to explore nonlinearexten-
sionsof the linear caseoutlined here. Extensionsof this
work to nonlineardiffusionnetworksopenthedoorto possi-
bilitiesof new ICA-lik ealgorithmsbasedonfeedbackrather
thanfeedforwardarchitectures.
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